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We suggest that temporal oscillations of concentrations of intermediates in biochemical reaction svstems may enhance
the efficiency of free energy conversion (reduce dissipation) in those reactions. Experiments on gly colysis arc used to s
timate the Gibbs Iree energy changes along the glveolysis mechanism, and to postulate a construct for the glycolysis
“machine” which involves: the PFK reaction as the primary oscillophor: the GAPDH 1eaction as a phase-shifting device: and
the PK reaction with the property of intrinsic oscillatory response at resonance with the driving frequeney. Analysis of a
simple reaction mechanism with these postulated properties shows that the conversion of free energy from reactants to
products is more cfficient in an oscillatory than a steady state operation. The efficiency of free energy conversion in glyco-
Iysis from glucose + ADP to products + ATP is estimated to be increased by 5--10%2 duc to oscillations. This may have
been relevant for the evolutionary development of oscillations such as in glycolvsis. especially in anaerobic cells.
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FoP fructose 6-phosphate

FDP fructose 1,6-diphosphate

DAP dihydroxyacetone phosphate

GAP glyceraldehyde 3-phosphate

DPG 1,3-diphosphoglycerate

3PG 3-phosphoglycerate

2PG 2-phosphoglycerate

PEP phosphoenolpyruvate

PYR pyruvate

PFK phosphofructokinase

GAPDH glyceraldehyde 3-phosphate de-
hydrogenase
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PGK phosphoglycerate Kinase
PK pyruvate kinase
P; orthophosphate

1. Introduction

Glycolysis is the conversion of sugars into pyruvate
which is then further degraded to alcohol (yeast fer-
mentation), lactic acid (in muscles). or acetyi coen-
zyme A (in aerobic organisms). For each molecule of
sugar there is a net production of two molecules of
adenosine triphosphate (ATP). Under anaerobic condi-
tions this is a cell’s major energv supply. the conversion
of ATP into ADP being the primary source of free
energy in biological systems [1]. The overall efficicncy
of this ATP production is about 30% if we assume a
value of 7.3 Kcal/mol for ATP and relate this to the
total free energy made available by sugar degradation.
which is 52 kcal/mol in alcohol fermentation. or 47
kcal/mol in lactate formation during muscular activity
[z].

There are several ways to enter the glycolytic path-
way, starting from any of a number of sugars, or from
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Iig. 1. Free energics of the various Tevels in glycolysis, rela-
tive to the value at the level of PYR. The data are for ery-
throcytes [9]. Note that for one molecule of F6P there are
1wo molecules of GAP through PYR: thus the big drop be-
tween PEP and PYR refers to two moles of these species. The
thermal energy RT is given for comparison. Values for DPG
afe missing because concentrations below 1078 M could not
be measured.

alycogen [2]. They converge at the level of fructose
G-phosphate which therefore marks the beginning of
the universal part of the reaction sequence. Including
the terminal product pyvruvate there are altogether
nine intermediates. sce fig. 1. In all of the following we
shall be concerned ondy with this central portion of
the reaction mechunism which we view as a “machine™
that transfers energy from one species (sugar) to
another (ATP). A notable feature of its operation is
that there are oscillations in the concentrations of
chemical intermediates with periods of the order of a
minute. These oscillations have been studied both ex-
perimentally and theoretically. and much has been
learned thereby about the details of the enzymatic
reaction mechanisms. In simplest terms, the observed
oscillations are related to the feedback loops in the
overall glycolysis reaction mechanism. for example
product enhancement of enzymatic activity.

There arises now the question regarding the purpose,
if any, of oscillations of concentrations in biochemical
reactions. Feedback loops in a reaction mechanism, as
in an clectric circuit, assert some kind of control. In
chiemical systems there may be the need to control the
level of certain concentrations or the rates of certain
reactions, or the temperature (reactions couple with
temperature through enthalpy changes as the reactions
occur). It may therefore be argued that the need for
such controls in biochemical processes is well document-
ed, that the control is established by the introduction of

feedbuck loops, and these loops, in turn, vield. as a
by-product, oscillations of chemical concentrations.
However. if control were the only purpose, then it
might seem that the amplitude of the oscillations
should be minimized as the quality of control is in-
creased.

Alternatively, one may ask for a possible biological
significance of metabolic oscillations. It is conceivable
that they represent a special adaptation [3], and several
such proposals have been made focusing on the adenylate
energy charge. Goldbeter [4] argues that oscillations
in the ATP/ADP/AMP ratio would alternately turm on
the cell’s energy producing and energy-consuming path-
ways, and thereby have them both more fully operative
than if that ratio was held at an intermediate level.
Tornheim in his discussion of glycolysis in muscle cells
[5] suggests that the cell attempts to maintain a high
ATP/ADP ratio under load condition, and that this can
be more readily achieved in an oscillatory mode rather
than in a steady state.

In this article we investigate the issue of the effi-
ciency of reaction mechanisms, that is. we focus on the
dissipative losses in the conversion of Gibbs free ener-
av made available from the degradation of sugar to
the formation of ATP from ADP. In doing so, we shall
bear in mind that the systems of interest are driven far
from equilibrium which implies that certain formalisms
are not applicable which have been devised for close-
to-equilibrium situations [6,7]. Since our investigation
concentrates on oscillatory kinetics, it goes beyond
Hills” analysis of free energy transduction in steady
state situations [8]. In particular, we ask about dissipa-
tion in relation to chemical oscillations (which only
occur far from equilibrium). We show that dissipation
in glycolysis may be reduced. or the efficiency ¥ cor-
respondingly enhanced, if oscillatory, as compared to
the dissipation in a non-oscillatory stationary rate pro-
cess, under the same average conditions. Hence there
arises the possibility that chemical oscillations in bio-
logical systems represent an evolutionary advantage in
that they allow for a less wasteful usage of the food
(sugar) supply.

¥ Dissipation is the difference between chemical power input
and output, efficicncy is the inverse rario. This agrees with
the analyses presented in refs. [6—-8]. However, with more
than one reactant and product involved, there is a freedom of
choice in the identification of input and output sides, and in
that respect our point of view differs from that developed in
[6,7].
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The net reaction of the central part in the glycolytic
chain is [1] F6P + 2P; + 3ADP + 2NAD" - 2PYR
+ 3ATP + 2NADH + H" with a standard free energy
change AGp = --13.9 kcal/mol. The actual free energy
change as computed from the concentrations in a
steady state situation is AG = —13.6 kcal/mol in human
erythrocytes [9], or AG = —15.8 kcal/mol in yeast
extracts [10]. This amounts to an average decrcase of
slightly less than 2 kcal/mol in each of the eight steps.

The actual free energy decreases do not. however,
proceed in steps of equal height. Rather they occur
mainly in the first and the last step of the sequence,
with nearly equilibrium existing among the seven inter-
mediates fractose diphosphate (FDP) through phospho-
enolpyruvate (PEP). As this will be of central impor-
tance for our reasoning let us review the twofold ex-
perimental evidence: direct concentration measure-
ments and phase relationships between the oscillating
intermediates.

(i) Concentration measurements have been reported
for ascites tumor cells [11], human erythrocytes [9].
and yeast cell extracts [10]. Using the known standard
free energies for the individual glycolytic reactions.
we can convert these values into free energy profiles
as shown in fig. 1 for the example of human erythro-
cytes [9.12]. There is a drop of 5.3 kcal/mol in the
first step which is catalyzed by phosphofructokinase
(PFK), and of 9 kcal/mol in the final step which in-
volves pyruvate Kinase (PK). All other AG’s are con-
parable to RT. It should be mentioned that there is an
uncertainty in the AG between GAP and 3PG since the
NAD"/NADH ratio has only been guessed to be 240;
if instead that ratio were 20, say, the points for 3PG
through PYR would have to be lowered by 3 kcal/mol.
This remark might be relevant in view of the phase-shift
analysis to be discussed below.

(ii) The other line of evidence concerning the profile
of free energy changes comes from investigations of
glycolytic oscillations [13,14]. Both intact yeast cells
and cell-free extracts have oscillatory kinetics in a
range of throughput [15] which corresponds to physio-
logical conditions. The amplitudes of these oscillations
are very large, with a typical ratio of 3 between maxi-
mum-and minimum concentrations. Important infor-
mation can be obtained from the phase shift between
successive intermediates. Obviously, a phase determina-
tion is possible only when all intermediates undergo
similar oscillations, which in the case of glycolysis

happen to be nearly harmonic. Most of the phasc lags
between successive intermediates are close to zero.
excert for three: FDP lugs behind FOP by approximate-
ly 225°, or 5w/4 [4]: the PK reaction which is the

last of the sequence induces a phase shift of 180°, or @2
and in addition there is a phase difference between GAP
and 3PG which depends on the details of the experi-
mental conditions such as the ATP/ADP and NAD/
NADH stcady state ratios. and has been reported to be
in the range 90° = 30°. or % 7{l £ 13). These findings
have been interpreted on the grounds of an empirical
statement sometimes called the crossover theorem {3.
13.16]. It identifies as control sites of a reaction se-
quence those enzymes which are associated with large
phase shifts. Hence the enzymes PFK, PK. and GAPDH
are likely associated with reaction mechanisms leading
to oscillations [17.18].

Further arguments which relate these phase shifis
to the frec cnergy profile have recently been given by
Durup [19]. The point is that according to elementary
kinetics. the free energy change AG; in the ith step of a
reaction chain. is connected to the forward and back-
ward rates v;. ¥; by the relation AG; = —RT In v, /v;.

In a steady state with constant turnoverv=v; ;.
this implies that the rates are slowest. v; = v, for the
most irreversible steps. —AG; 2 RT. and they are
fastest, v; > v, for steps which are near equilibrium,
-AG; < RT. Now.in an oscillatory mode, a nonzero
phase shift can be sustained only across the slow steps.
and hence requires an appreciable AG;, while in a fast
reaction both reactants and products oscillate in phase.
(Note, however, that phase shifts of 180° may be trivial-
ly enforced by conservation laws. as for instance in the
case [NAD] + [NADH] = const.). In this manner, the
phase shifts observed in the PFK. PK. and GAPDH reac-
tions are indicative of slow rates and thus of Gibbs free
energy differences larger than R7. The areument is
only qualitative in that it does not say anything
about the step size; on the other hand, the phase deter-
minations do not require absolute concentration mea-
surements and therefore might be more reliable.

The combined evidence of (i) and (ii) suggests a free
energy profile as shown schematically in fig. 2. The
smallness of the free energy change in the central step
between GAP and 3PG corresponds to ¢ phase shift
which is very sensitive io changes in the overall flux, or
in the reactant concentrations.

Several aspects of this design are easily seen to be
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Fig. 2. Schematie view of the free encrey profile in glycolysis.
The two most irreversible steps at top and bottom are catalvzed
by phosphofruciokinase (PFK) und pyruvate kinase (PK) re-
spectively. Phase shift analysis suggests a moderately irre-
versible step at the conter. Al three jumps are coupled 1o the
adenosine phosphate pool: the PFK reaction converts ATP

into ADP, the other two reactions produce ATP.

beneficial for regulation purposes other than the
gencration of oscillations. These include: (i) A slow
reaction at the beginning lends itself for effective con-
trol: a signal given at this point propagates rapidly
down the chain. for instance to turn the subsequent
reactions on or off. (i1) A highly irreversible step at the
end helps to keep glycolysis disentangled from gluco-
neogenesis, in line with the general tendency of meta-
bolism te separate synthetic from degradative pathways
[1]. (3ii) The enzyme PFK is activated by a low ATP/
ADP ratio and inhibited by an abundance of ATP. This
important control feature ensures that energy is generat-
ed only when there is need for it.

But on the other hand, there are certain design fea-
tures which seem to be indicating that there is more
1o the oscillations than merely a byproduct role. (i)
ATP, the inhibitor of PFK, is also a substrate of this
enzyme reaction. and the activator ADP also a product.
It is straightforward to see [20-—-22] that such enzyme
properties bring on oscillatory behavior under non-
equilibrivm conditions. (ii) Pyruvate kinase is an
allosteric enzyme which seems to have a tendency of
its own towards oscillatory behavior [23—-25]. It is
hard to avoid the feeling that there must have been
some purposes for PFK and PK to develop those rather
elaborate properties which are so closely linked to the
generation of oscillations, and the present analysis

POWER PISTON

Fig. 3. Scheme of a Stirling motor. The rotation of the wheel
{which stands here for the crankshaft) couples the oscilla-
tions of the displacer piston, i.c. of the thermal input, to those
of the power piston, which takes up the mechanical output.
The phase lag ¢ between input and output oscillations is in-
dicated on the wheel.

suggests purposes related to efficient energy conversion.

The subsequent sections are organized as follows.
We start with a discussion of analogies, as well as dif-
ferences. to heat engines and their performance (sect.
2). In sect. 3 we analyze the efficiency of a prototype
chemical machine and its dependence on frequency,
phase shifis. and other relevant parameters. Special
attention is given to what we call “‘irreversible elastici-
ty™" in the response behavior of a chemical system, as
it gives rise 1o a resonance where the efficiency may
have a relative maximum. The results are then applied,
in sect. 4, to discuss in some detail the particular de-
sign of the glycolytic system.

2. The heat engine analogy

The glycolysis machine converts energy from one
form (sugar) into another (ATP). This suggests a com-
parison with the heat engine, which transforms thermal
energy into mechanical work, in an oscillatory way.
Though not complete in certain important aspects, the
analogy turns out to be helpful in thinking about the
design and efficiency of the machine. (An electrical net-
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work anaiogy is given by the passage of a direct cur-
ent with an a.c. component through a filter.)

Let us begin with the design of the systems, for
which there are three comunon elements: (i) an
oscillophor on either the input or output side, (ii)
transmission of the oscillation to the other side. and
(iii) regulation of the relative phase. In a heat enginc,
as for example the Stirling motor shown in fig. 3. this
scheme is realized by (i) a rotating wheel or shaft on
the mechanical {output) side. (ii) transmission of this
cycling to the thermal input side via the displacer
piston (or a system of valves in the case of internal
combustion engines), and (iii) fixed phase setting built
into the crankshaft (or the system of valves as well
as the timing of the ignition spark). We shall argue in
sect. 4 that the same elements exist in the design of
the glycolysis machine.

In all the following. the discussion is restricted to
harmonic variations. This is a reasonable approximation
for most but not all [26} observed glycolytic oscilla-
tions. The harmonicity assumption implies a number
of simplifications as to the dynamics of the system and
usually requires small deviations (linear response) from
the reference point of operation (which may be an
equilibrium state or more generally, a stationary state).
For harmonic oscillations the maximum attainable effi-
ciency is reduced below that of Carnot-type cycles
(typically by a factor #/4). On the other hand, as we
have demonstrated previously [27]. the analysis be-
comes very transparent and allows assessment of the
effects of variation of characteristic parameters. A
major benefit of the use of linear response theory is the
separation of internal dynamical properties, as repre-
sented by the response function, from exrernal features
of the operation, such as the amplitudes of the driving
forces, their frequency of oscillation and the relative
phases. Our interest is in the effects of oscillations on
the efficiency, and in possible maxima of the efficiency
at nonzero frequencies. Based on our earlier work on
the analysis of heat engines [27]. we expect that such
maxima require a kind of resonance between the driving
oscillations (generated by PFK) and the internal
dynamics (essentially the PK reaction).

Consider the following prototype chemical energy
conversion machine [18]

A

X} =Xy -.=X, D

FUE
S
w

which could be either the entire glycolysis reaction
mechanism or any part thereof. The symbols A and

B represent reservoirs connected to the system

(Xq. --» X;;)- and the internal reactions leading from
X, to X,, may be arbitrarily nonlinear. We assume

“‘f; = #% for the chemical potentials in a reference
steady state, which is either equilibrium (u, = ) or
subject to a steady net flux from A to B. Inasmuch as
the material flux carries chemical energy, we call A
the energy source and B the energy acceptor. We shall
say that the system (1) converts chemical energy from
form A to form B. (For glycolysis. the symbol A
represents several reactants; the chemical energy is
mainly contained in the sugar. B stands for various
products, and part of the chemical energy is now in
the form of ATP.) The exchange between the reser-
voirs and the system is assumed to be simply described
in terms of the fluxes

Ja = koA koXy, ju = kpXy — kyB. )

with j4 =jp =j% in a steady state. (Note the sign con-
vention that j, leaves reservoir A and jp enters B.)
The Gibbs free energy change in A. per unit time, is
Uaf 4. and the amount upjp is transferred to B. If the
reaction (1) is run cyclically with a period of 27 /e
(either due to inherent oscillations or due to external
periodic variations), then the average chemical power
fluxes from A_ and into B. are

Py =2 Pu (iadr. Py =32 up(n)jp(ryde
=T =T )

respectively. The difference
SAp=Pp Py <)

constitutes dissipation and must be positive according
to the second law.

The quantities analogous to P, and Py in the heat
engine [27] are, respectively, the availability flux
offered by the heat reservoir (w/277) ¢ 8 T80 dzr. and
the mechanically used power (w/27) $6p & 7 dr.

Again their difference represents the dissipative losses
associated with the operation of the engine. The chem-
ical machine and the heat engine differ. however, in
several important respects. First, the engine revolves
around a reference state which is usually taken to be
an equilibrium state, whereas our chemical oscillations
are, in general, superimposed on a steady state in which
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there is throughput and dissipation:
Py = #SBJ-S, ASAB = (Hi\ -~ I—‘?})]‘S- (&)
A second distinction between a heat engine and our
chemical machine is that equilibrium has two degrees
of freedom in the former (» and 7 can be varied in-
dependently) but only one in the latter (where equilib-
rium requires u 4 = up). This implies, thirdly, that the
behavior in the quasistatic limit of periodic operation
(w — 0) is different in the two cases. There is no dis-
sipation in that limit, in the heat engine, whereas the
ciremical machine shows a ehange with respect to the
steady state. We show in the appendix that dissipation
is minimized, for w — 0, when du, (¢), Sup (r) and
therefore also 67 5 (1) = 67z (7) all oscillate with equal
phases. Denoting their respective amplitudes by
8 A- S0y, 8 ;- we get the dissipation

Applw=0)= Af’—\B + %(SH,\ - ’S’IIB)Bf- (6)

At equilibrium where §j = (BHA — SHB) the increment
024 p(0)= A pg(w = 0) — A% is always positive as

it should be from the second law. But far from equilib-
rium, qu > ui;, the current amplitude behaves more
nearly as 8j = 8l 5 , and 8A 4 5(0) may have either sign,
depending on the relative sizes of BHA and SEB, It ap-
pears therefore that dissipation can be reduced trivial-

P} = uiJc.

Iy by having the acceptor pool B oscillate more vigorous-

ly than the source A, 81p > 5H 4 . Although this is
correct. it does not provide an argument in favor of
the evolutionary development of oscillations because
twice the gain of (6) would be obtained by simply
shifting the steady state p\, ug, /S to usy +8H,,

u§ + 80Uy, 75 + 8. Therefore, in order to assess the
benefit of imposed oscillations for a reduction of dissi-
pation, the more meaningful comparison is between
finite <o and <« = 0. When a system cannot operate
better at finite frequency that at w = 0 there is no
point in using oscillations. If, on the other hand, the
dissipation can be reduced below its value at ww =0,
then it is beneficial to operate in the appropriate
frequency range. As a quantitative measure for this
gain we choose the relative reduction in dissipation

8AAR(0) — 84 ,p(c) i
A (0) : ™

e(w)=

In the following section we shall analyze this number
for various systems trying to find conditions for it to
be positive.

3. The concept and role of irreversible elasticity in
increasing the efficiency

We saw in the introduction that the Gibbs free ener-
gy changes in the various parts of the glycolysis
mechanism divide into three groups: the first is
associated with the PFK reaction which initiates os-
cillations; the second with the GAPDH reaction which
provides crucial phase shifts: and the third with the
PK reaction which likely may have an oscillatory re-
sponse. In this section we study simple models for the
PK reaction and show that the presence of an oscilla-
tory response, which we call irreversible elasticity,
leads to an increase in overall free energy conversion.

First, we calculate the quantities PA,B and e(w) for
a chemical machine of type (1) with n = 2. For the
moment we do not care how the oscillations in A and
B originate; we simply assume that the machine is
driven by

A=A%tacoswt, B=B°+pcos(wt—uv), ®)

with given amplitudes a. 4, frequency w, and phase
shift . Furthermore, we are not interested in the de-
tailed nonlinear kinetics that may characterize the
system. Rather we confine ourselves to the linear
neishborhood of the steady state where we can write

58X, 58X, ) [ koa cos wr \

A = ©)
58X, 53X,/ \k?_b cos(wt — ) /
with an arbitrary relaxation matrix A. It is straightfor-
ward to derive the periodic solution of these rate
equations:

X1 (1) =———— (VA3 + @ kgacos(wr +a3 — )
A VA(w)
- Alzzzb cos(wi — g — ),

5XH(1)= —;J—“
A VA(w)

(—Aakgacos (wt — )

+ A%j + wzz-zb cos(wt — @ +ay — P)). (10)

Here we have introduced a number of characteristic
quantities: with

AZ=detA, s=TrA an
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the resonance denominator A(w) reads
A=A — w2 + wisIng; (12)

the intrinsic phase shift .

2 2 2
cos ¢ =l-w /A7 sin = Los/A” (13)
YT VA@ Y TVaey 3

indicates how much 6 X, lags behind 84 in case 5 =0
(i.e. for driving oscillations in A only), or how much
53X, lags behind 8B in case ¢ = 0 (i.e. for only B
driving the system). With « increasing from 0 towards
oo, grows from O to @; at «w = A we have ¢ = %77.
The other two relative phases a; 5 are defined as

cos o; = /\,-,-/\/Aiz,- +w2,  sin a;=w \//\;-2,- + w2, (14)

and they grow froma; =0at w=0toq;= %ﬂ as

« = o The quantity «y is the phase lag of §X; with
respect to X5 in a response to 58 only. and a5 de-
termines how much 6 X5 lags behind 5X in a response
to 6A4.

Using the resuit (10) and assuming ideality for the
reservoirs, Su, =kpT3A/A.5ug = kg T8B/B, we can
easily evaluate the integrals (3) for P, . or for
8P, g =P5 g — Pi_g- In terms of the fluxes

Ja=koAS, jg=koB, (15)

and of the dimensionless quantities 674 p,

sppy =B 2T, (16)
PA.B ab ‘/].Z]'E A.B-

the result reads

PaA = — cos(¥Y —ay
A AA/A(w)
iBN? %oApn
+(—) 5 ———=cos(¥ + ),
Ja A2V/A(w)
AN kafg

cos(¥ — )

) ‘a
1 : 0 —(—) 2
s’ VA
( kA +
1

A, v )) , an

=

where R is a parameter related to the ratio of the two
amplitudes g and b,

B/ n 1/2

R= a. _(__) i (18)
A5 b \jg

The term proportional to R in 5p 4 is always positive,
and thus adds to the input. It tends to decrease the
efficiency according to (7) which might suggest that
one chooses a small R. But then the term ~1/R in
S5pg is always negative, subtracting from the output
and again hampering the efficiency. In fact. these
two terms represent the unavoidable dissipative
losses associated with the oscillations of A and B. We
expect their combined influence to be minimized for
R of the order of 1.

The interesting terms in (17) are the coupling terms
proportional to Ay> and A5;. They depend on the phase
shift v and may be adjusted so as to improve the effi-
ciency. We thus minimize the dissipation A (which
is proportional to the overall entropy production)
with respect to ¢ and obtain the condition

Fakafay —jgkoAra

tan g = tan V. (19)

Fakadg1 +igkoAr2

This formula has some interesting implications. Con-
sider first the case of a simple monomolecular reaction
inside the machine.
Ky
X, = X,- (20)
Ky
Then Ay = —kyand AyH = ~Z’1 .and (19) can be
written as

tan g =——— tan ¥ 1)

where

Jr=kok ko ASIN2 . T = Kok ko BSIAZ, (22)

are the overall forward and backward fluxes, respec-
tively. Near equilibrium we have j¥=j~ and thus
{tan p| <€ Jtan ¥ |]. This implies t(hat the dissipation

is smallest for ¢ = 0, at low frequencies w << A, and
for v = 7 at high frequencies «w > A. Far from equilib-
rium, on the other hand, we have j~ <" and there-
fore ¢ = ¢ for the optimal phase. In case the reaction
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system is far from equilibrium and more complicated
than (20), then the rates Ay and A,; may have a dif-
ferent sign. The denominator in (19) may then go to
zero and the optimum choice for pis +7/2 or —7/2.
We suggest that this is the case in the last step of the
glycolytic reaction mechanism.

Evaluation of the results (17) for very stow (w —0)
and very fast (w —> °°) imposed oscillations is given in
the Appendix.

Next we analyze the frequency dependence of the
expressions (17). Since the goal is to apply the result
to the lower part of the glycolytic chain, with X;
= X, symbolizing the pyruvate Kinase reaction. we
assume that there is a large drop in chemical potential
within our system,

Hy —Hy =S KpT. (23)

As to the coupling with the external baths A, Bwe
assume that the reactions A= X and X, == Bare
nearly equilibrated. Then the w-spectra of §p A-OPp-
and the efficiency €(w) are mainly determined by the
characteristics of the X; — X, conversion. We shall
see that the dissipative aspects of that conversion tend
to reduce e(w} below zero whereas there is a possibili-
ty of positive e(w) in case the reaction bears a ten-
dency towards oscillations.

Consider first the linear system (20) in which the
dissipative influence dominates. The steady state con-
centrations, in keeping with the above assumptions, are

X} =Kpd®, X35=K, exp(-8/kgT)X3,
BS =K, X%, 24

where K; = k,—/Z:,- are the respective equilibrium con-
stants, see (1). The number

K=K, exp(-8/kgT) 23)
is an interesting parameter of the system. K =~ |
means that the steady state concentrations of X and
X, are about equal (whereas equilibrium would re-

quire X, > X, because of exp(8/kg7)> 1. For the
overall fluxes 7*, see (21), our assumptions imply

y<€1. (26)

Therefore the minimum dissipation condition for the
relative phase implies ¢ = . From the condition
¥ <€ 1 it also follows that i’;‘ = jg, see (15), and thus

Jr— i it =gk AS,

L3

i
r
;

&)

lou i 10 100 ~

-1

-G L

Fig. 4. Frequency spectrum of the incremental efficiency for
the purcly dissipative system (20). The curves show AAB(O)
~ A y p(w). which is proportional to the cfficicncy e(w) de-
fined in (7). For all choices of parameters. and ail frequen-
cics. e(w) is negative which implics that there is no benefit in
driving such a system in an oscillatory way. The five curves
correspond to the following choices of parameters. a: A = 1,
R=lor2:b:K=3.R=1:c:K=01LR=1:d:K=1,R=3;
c: K=1,R=03.

. 5hi
R=42 /ﬁ =2 @7
A5, BS Siig

The three parameters R, y. and K are the important
characteristics of this linear system. Neglecting where-
ever possible v and exp(—8 /kgT") as compared to 1,
we find that the formulae (17) reduce to

5pA=RT+m, ,
+w”
N2
by = Y 1 K®)
(1 +&2)01 +&s)H? R 1+ &ke)

23

where o = wl}EG is a conveniently reduced frequency.
Fig. 4 illustrates these results for various choices of
parameters. The dissipation associated with the oscilla-
HONs, 8 A, g (W)= 8p 4 (W) — Spg(w), is monotonical-
ly increasing with « which means that the efficiency
(7) is always negative. Thus the system cannot do
better at non-zero frequencies than it does in a quasi-
static operation.

The situation is different in a system which pos-
sesses what we shall call ““irreversible elasticity™, that
is the system has a reaction mechanism such that con-
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centration oscillations are possible. In general, the

relaxation matrix A of eq. (9) can be decomposed as
follows,

A=L-T-1 9

Ty =<8X;8 X, being the static correlations of fluctua-
tions, and L the analogue of Onsager’s transport
matrix [28]. At equilibrium, L has to be symmetric
which prevents A from having complex eigenvalues.
However, far from equilibrium where time reversal
symmetry is broken. an antisymmetric part A=

E10 I LY ) may appear. This causes relaxation towards
the stationary state to be oscillatory if |4 12! is large
enough to ensure

VdetA =A>Ls=1TrA. (30)

A has been called “irreversible circulation™ by Tomita
and Tomita [29]. From the point of view of response
theory it represents an elasticity [30]. Thus in the
present context we use the term “irreversible elastici-
ty”.

Because of the strong irreversibility condition (23)
our chemical machine may well have a non-zero A.
In fact. it is easy to show that for the above mono-
molecular reaction system A = L7V _ ;~ )( 0) This
asymmetry is, however. not sufﬁcxem to ensure (30).
Appropriate nonlinearities must be invoked in the
reaction mechanism in order to get this condition ful-
filled. Knowing that there are many models of such
systems, let us discuss a typical case. We take the A
matrix corresponding to the previous example. for
v — 0. which is

_ 41 0
ko ( ) (31)
0 I/K
and add-off-diagonal terms as follows:
_ .1 viK
A= ko( ) ) 32)
-v  1/K
This corresponds to an irreversible elasticity
_ ] 1
A= »koxf;( ) (33)
-1 O

if we assume Poissonian behavior for the correlations.
From (32) we find the ratio

N
o
Wi

x_/“+\/7x“ 3

which is of the order of 1 or less. and in turn implies
oscillatory relaxation if

v>+/K + 1/\/K. (35)

Thus the condition for irreversible elasticity is weakest
in the case K =1, or X = X35 _ where evaluation of

feads to
5,7’\_}?(] 1 +02 452 )
A,(@)
R R et a tee
AN S AL ()
__ v _ 1 I +v* + &> ”
=ik aer ) (36)

with thc resonance denominator A ()= (1 + »? co?')z
+45°.

A few typical spectra are shown in figs. 5 and 6.
For ¥ << 2 the picture resembles the purely dissipative
case of fig. 4, in agreement with condition (35). At
larger irreversible elasticity. however. there is a marked
difference: the curyes exhibit resonance behavior near
W= 7\/1\:0 =~/1 + 12 where 6pp =3(R +1)and
§pg ~3(1 — 1/R). Outside the resonance region there
is no advantage in an osciﬂatory operation; the incre-
ment §p to the output is in fact negative. But ina
narrow range around &= \/RO where the phase shift
between X and X, is close to #/2, the extra input
&p o is smaller than at zero frequency and the output
&py positive. This is the interesting feature of irre-
versible elasticity: it opens a chance for improved per-
formance in a certain range of frequencies of oscilla-
tion.

To sum up, when a chemical machine with suffi-
cient irreversible elasticity is driven at resonance fre-
guency, the increased net input 5P 4 May be converted
into an additional output 8Py which affects the effi-
ciency in a favorable way. For this to happen the phase
relation between the oscillations in A and B must be
carefully regulated so that, within a cycle, the flux into
B is above average when the chemical potential ug(r)
is at its maximum, and below average at times of low
Hp.
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Fig. 5. Incremental efficiency for the system (32) which
possesses irreversible clasticity. The curves show Aap®h

- 2 plw) according 1o cq. (36). For v £ 2 the behavior is
similar to that of a purely dissipative system, see fig. 4. But
for# 2 2 the system has a resonance {TCquence near w = .
and the efficicncy becomes enhanced over the static value
€0 = 0). Parameoters are R = 2, and v as indicated.

4. The glycolysis machine

The results of the preceding sections are now applied
to the analysis of the glycolytic oscillations from the
point of view of efficiency {31]. Consider again the
sequence of steps shown in fig. 2. We assume that there
is a steady supply of F6P which is then converted into
FDP in the phosphofruciokinase reaction

F6P + ATP ;—r—f FDP + ADP. {37)

There is agreement that this is the basic autonomous
oscillator in the glycolytic chain, and its mechanism

is well understood [20,21,32.33]. The oscillations
senerated here propagate down the chain without ap-
preciable phase delay because of near equilibrium con-
ditions between FDP through GAP. The phase shift
acquired in the GAPDH/PGK reaction is indicative of
some slowing down at this step, or equivalently, of a
drop in free energy. The two subsequent steps are
again fast, with quasi-equilibrium holding between
3PG through PEP, and then there is the final reaction
which involves the largest free energy drop of all:
PEP + ADP’};E\ PYR + ATP. (38)

We suggest that this last step is a driven oscillator
whose intrinsic irreversible elasticity enables the sys-

v=5

N
o g e

oo
o]
o

00 o
+ W

N

§
-t

Fig. 6. Sume as fig. 5 with parametersv=Sand R = 1. 3.5 in
order of increasing peak height.

tem to work with higher efficiency than it would with-
out any oscillations, given the same steady state values
of the chemical potentials.

What is the evidence for the presence of irrcversible
elasticity in this reaction? The kinetics of the P¥ reac-
tion is in fact rather complicated. First the enzyme
activity shows some cooperativity with respect to the
substrate PEP, the Hill coefficient being close to 2 [24].
Secondly, PK is activated, and the PEP-cooperativity
removed. by FDP which is a product of the PFK reac-
tion [24.25]. Third. PK is inhibited by its own product
ATP [25]. As shown by Dynnik and Selkov [23]. the
FDP activation alone can give rise to an oscillatory
behavior in the Jower part of the glycolytic chain. On
the other hand, self-sustained oscillations have not
been found experimentally. This may be due to a
number of reasons, such as the PK reaction being run
below marginal stability caused, for example, by
product inhibition due to ATP counteracting the
oscillatory tendency sufficiently strongly to prevent
its spontaneous manifestation. The issue of oscillatory
behavior in the PK reaction needs further investigation
both theoretically and experimentally.

The rate equations for PEP and PYR, linearized
around the steady state, would then read

5 [PEP] & [PEP]
'c%(a[PYR]) ' A(ﬁ[PYR])

a cos wr
(oo e
b cos(wrt — @)

where the relaxation matrix A has complex eigenvalues
and the right hand side represents driving forces that
combine the effects of the oscillations of the direct
reactants 2PG, ADP, ATP, as well as the periodic PK
activity variations induced by oscillating FDP, PEP,
and ATP. It appears beyond reach, with the available
data, to assess the effective amplitudes a, &, and the
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Fig. 7. Schematic vicw of thc glycolysis machinc. The free
encrgy released in the conversion of FF6P into FDP “‘turns
the wheel™ that forces all the subsequent intermediates to
oscillate. There is a phase shift at the center and another one
between the PEP oscillations and thosc of the pyruvate
kinasc activity. Oscillations of the adenosine phosphates,
although important, are not shown. If the conversion of

PEP + ADP into PYR + ATP possesses irreversible clasticity,
and if there is resonance with the driving oscillations, the effi-
ciency of free cnergy conversion is enhanced with respect to
the non-oscillatory operation.

relative phase . Therefore, at this point, we can argue
only qualitatively that if there is resonance between
the driving frequency of the PFK reaction and the
frequency associated with the PK reaction, then the
oscillatory mode of operation is beneficial from the
point of view of efficiency: for the same mean values
of the chemical potentizals, there is an increased output
of chemical energy. per unit time, into the acceptor
reservoir.

To estimate the order of magnitude of the effect
note that the output enhancement near resonance, ac-
cording to (36).is 6py = 5(1 — 1/R), or

b 7= 1
spgp~<L 2 \/;;;,B 4 (1 ‘E)‘ (40)
A3
Compared to the dissipation between A and B which
in our model case is A} g = (1}, — u})i® =
YA (WS, — up), we get

5Pyp/ag~2L 2 _ FeT 1(1 _L).
A% B® y(uh —mp) R

¥ <€ 1 is the ratio between the net flux j* and the in-
coming flux j; (the limit -y — 1 may not be taken in
(41)). For large amplitude oscillations, a/4S ~ b/BS

~1,and taking R ~ 2, y(u} — p)kgT~ 1, we can
easily get some 10—20% for the ratio (41). When ap-

@n

tJ
0
[V}

plied to the glycolytic system we see, however, that
A% only represents the dissipation between the levels
of PEP and PYR which is roughly one half of the total
dissipation. see fig. 1. The overall improvement in effi-
ciency. due to the postulated resonance effect, may
thus be of the order of 5—107%. Since we are dealing
with a vital process this may well have been relevant for
evolution.

Our picture of the glycolysis machine can now be
summarized as shown symbolically in fig. 7, and it is
instructive to compare it to the mechanical engine ¥
shown in fig. 3. The common features arc

(i) Generation of oscillations. In glycolysis this
occurs at the input side whereas in heat engines the
wheel or shaft is driven by the output power.

(ii) Transmission of the oscillations to the opposite
side of the system. The mechanism by which this is
done distinguishes the various types of machines from
the point of view of engineering. It is very simple in the
Stirling engine. fig. 3: internal combustion engines in-
volve systems of valves and crank-shafts. The glycolvsis
machine, in addition to using oscillations of the direct
reactants, in the PK reaction, employs periodically in-
duced variation of the enzymatic activity.

(iii) Phase regulation between input and output side.
In the example of fig. 3 this is done by fixing the angle
¢ on the wheel. In glycolysis the reactions leading from
GAP to 3PG seem to play the role of a phase-shifier
that adjust the phase depending on the ADP/ATP and
NAD/NADH ratios.

Note that the adenosine phosphate system has not
explicitly been included in fig. 7. Implicitly, however.
it is thoroughly involved in all the three major steps.

Our conjecture involves a number of testable pre-
dictions. First, it should be possible to find out whether
indeed the PK reaction, under the appropriate non-
equilibrium conditions, shows oscillatory relaxation.
Secondly, it is crucial to establish that the above-
mentioned resonance holds. Third, even at resonance
a gain in efficiency depends on several relations
among the parameters to be fulfilled, such as v = /K
+ 1/7/K or R = 1. Before those relations can be tested.
however, a more detailed identification of the param-

* Some readers may prefer an electrical analogy where the dis-
sipation represents the absorptive aspect of the system. i.c.
the imaginary part of the refractive index. It might be in-
teresting to speculate about the chemical analogue of the real
part of the refractive index.
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eters in terms of properties of the PK reaction is neces-
sary.
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Appendix

The general result (7) is evaluated here for the low
and high frequency limit, and for the simple reaction
(20) describing the conversion of X to X,. The
relaxation matrix A is

[ Ko +&y —&y

!

\ ~k,y ko +k3 |
Denoting the amplitudes of the chemical potential
variations by 8 4 = kg Ta/AS and iy = k3 TH/BS, the
unreduced quantities 5P, p in the Iimit w —~ O are

(A.1)

8P, =581, (5/" — 8/~ cos v),

5Py =L8np(57" cosp - 87). (A2)
with
8" = kokikaa/A2. 8jT =Kok Kob /A2 (A-3)

The minimum dissipation condition v = 0 (which in this

case is also the condition for maximum output) leads to.

SAAB(("J =0)= 12(5HA — BZIB)&]. (A'4)

where 87 = §;7 — 57 is the amplitude of the net flux
oscillation. This is the result quoted in eq. (6). For

equilibrivm where kgk1ko4° = kok | k2B° we get
8A,p(w=0)= A, p(w =0)

kok1koAs 2
=1kT ( a b )

2

(A.5)
A2 a5 B

which is positive in accordance with the second law.
For w — o, the coupling terms in (17) vanish, and

5pp =R,8pp=—1/R,0r

B3P, =1kgadp,,

3Py = Lk b5py. (A.6)

Clearly, oscillations of A, B that are fast compared to
the machine’s internal dynamics cannot generate any
additional throughput but only add to the dissipation.
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